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A Paralled Growth Moded for Shape

R. J. Morris, J. T. Kent, K. V. Mardia, R. G. Aykroyd *
Department of Statistics, University of Leeds, Leeds, LS2 9JT

Abstract. We present amodel for analysing the changein shape of two-dimensional biological objectsgrowing
with time. Procrustes coordinatesare used to represent the shape of each object, and a set of parallel polynomial
curves (one per individual) isfitted to the data using multivariate regression. Statistical testsfor the parallel hy-
pothesisare presented. The model is shown to be approximately independent of the choice of coordinate system
used to represent the shape.

1 Introduction

The simplest way to describe the growth of a set of biological organismsisto assume that they all grow in the same
fashion. Such a pattern of growth can be represented by a set of parallel trgjectoriesin an appropriate space. Here
we will discuss a modelling framework where the objects are represented by a set of landmarks, the shapes of the
objects are represented by Procrustes tangent coordinates and the individuals are assumed to grow along paralléel
trajectoriesin Procrustestangent space. Specifically we usetheparallel growth model for shape which hastheform
~(t) + u; wheret istime, ~(¢) isacommon curve, and theu; represent individual displacements. In our previous
work [1, 2] the curve  was taken to be a simple straight line. Here we use aricher description where ~ istaken
from alarger function space, e.g. either low degree polynomials or cubic splines. Our work relies heavily on the
theories of growth curves [3] and shape analysis[4].

We will use Procrustes tangent coordinates to represent the shape of an object. These coordinates are independent
of the location and orientation in space of the object. They are aso independent of the size of the object. We have
chosen to remove size as it is often the dominant factor in growth and can mask the effects of changes in shape.
The Bookstein registration scheme [5], obtained by fixing the position of two landmarks, provides an alternative
coordinate system for shape. We shall see below that the choice of coordinate system does not have an important
effect on the description of growth.

2 Thedata

The data used here has been taken from a study of 21 rats skulls, where the positions of eight biological landmarks
lying in the two dimensional midsagittal plane were measured at eight successive ages. We will study a subset of
18 rats for which there is a complete set of data. Moss [6] has studied the data from afinite element perspective.
Bookstein [5] has examined the datain terms of inter-landmark distances where some non-linear effects were no-
ticed. He has also examined severa ways to visualise the data and interpret the dominant changes in shape of the
rat skulls. These descriptionsdo not explicitly have time as a factor.

Let 7' be the number of time-points, N be the number of individualsand X be the number of landmarks. Here
T =8 N = 18, K = 8. Let z;;;, € C? be the complex representation of the position of the k-th landmark
for the i-th individual a the ¢t-th time point. Let x;; = (z1,...,z4x) € CX bethe configuration of the K
landmarksfor thei-thindividual at timet. Let ys: = (yie1, - - -, Yit(2x—4)) € R2X~#, bethereal valued Procrustes
tangent coordinates for the shape of x;;. Procrustes coordinates are obtained in anumber of steps: 1) each objectis
centred and rescaled to have unit centroid size; 2) a mean shape isfound [7]; 3) each object isrotated to match the
mean shape as closaly as possible, the coordinates of these shapes are the Procrustes coordinates; 4) the Procrustes
coordinates are projected onto a2K — 4 dimensional linear subspace to give the Procrustes tangent coordinates.
Full details of thisprocess can be foundin [4].

3 Theparallel growth model
3.1 Mods fitting
Let P be the function space spanned by abasis {P,,,(t) : m = 1,..., M} of M rea-valued functions of timez.

The data are modelled by a set of paralel curves, v(t) + u; € R*£ %, with one curve per individual. The vectors
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u; € R?%~* give a constant displacement term for each individua. The I-th component of ~(t) is a function,
"yl(t) € P, with "yl(t) = vllfl(t) + Ulgfg(t) + -4 UleM(t). Epr|C|tIythe mode is

Vit = u; + Pi(t)ve + Po(t)va + - -+ Pu(t)vr + eis, N

where v, = (Vim, Vam, - - ., V(2K —4)m) iSa vector of coefficients and e;; € R*%~* isavector of error terms,
initially taken to beiid. Thisisamultidimensional growth curve model [3] and the coefficients, u; € R?5 %, i =
1,...,N,v,, ER?* % m =1,..., M, can beestimated using linear regression.

In thiswork the function P,,(¢) is taken to be a polynomials of degree m withm = 1,..., M. We actualy use
orthogonal polynomialsasthey are easy to work with numerically and allow the effect of each term to be visualised
separately. 1t would aso be possible to investigate a similar model with a basis of spline functions.

A MANOVA analysisassuming iid errorsfor therat dataisdescribed in Table 1. The sum of squares effect indicates
the relative contribution of each factor to the model, high values indicating a strong effect. The p-valuesindicate
the statistical significance of each factor. The individual, linear, quadratic and cubic effects are all extremely sig-
nificant with p-values close to zero. The linear effect is seen to dominate the other terms. The quartic effect has
a considerably higher p-value though it is gill statistically significant at the 5% level. However the effect of the
quartic term ismuch smaller and can be dropped from the model in aninitial investigation.

Individual | Linear | Quadratic | Cubic Quartic || Residuas
Degrees of Freedom 216 12 12 12 12 1464
Sum of Squares Effect || 0.03407 | 0.59263 | 0.03962 | 0.01443 | 0.00127 0.06417
p-values ~0 ~ 0 ~ 0 ~ 0 0.004121

Table 1. The effect of each factor in themode (1).

Thevery large number of residual degrees of freedom contributesto the exceptionally low p-values. Theerror model
does not take the autocorrel ationsof errorsor the correl ation between Procrustes coordinatesinto account. Thismay
lead to over-confidence and to extremely small p-values. However preliminary analysis with a more sophisticated
error model in this dataset indicates that the estimates of p-valuesarefairly reliable.

3.2 Interpretation

The top row in Figure 1 shows the Procrustes registered shapes for the fitted model at times 1, 3, 4.5, 6, 8. The

principal change isan elongation of the shape: it becomes relatively longer and narrower. The other major feature
isthat the rightmost line ssgment devel ops a flatter slope.

The use of orthogonal polynomials alowsthe linear, quadratic and cubic effect to be separated out, which are also
shown in Figure 1. The second row shows the linear effect, the third row shows the quadratic effect magnified by
afactor of ten and the bottom row shows the cubic effect magnified by a factor of ten. The shapes are shown for
t=1,3,4.5,6,8. The mean shapeisin the centre of the second row. Note that the quadratic effect is symmetrical
about ¢ = 4.5 and exhibits an out and back pattern of change. The cubic effect is anti-symmetrical with an out,
back and out again pattern with the same shapes for timest = 1,6 and¢ = 3,8. More work is needed on the
interpretation of these results.

3.3 Testsof the parallel hypothesis

Central to the parallel growth model is the assumption that the growth happens along paralel curves. This can be
tested by considering a model which has a global linear time effects, P;(¢)v1, and additional linear time effects,
Pi(t)w;,i=1,..., N, foreach individud. Specifically

Vie =, + Pi(t)vi + Po(t)va + - -+ Ps(t)ve + PL(t)w; + e4z.

If theindividual sfollowedstrictly parall el trajectoriesthen theindividual -linear timefactorswoul d not be significant
in the MANOVA tests. In fact the individua-linear effect is significant with a p-value effectively zero. However,
the sum-of-sguares effectsis small, 0.018, about half the size of the of the individual-constant effect. Thisleadsus
to concludethat thereisasmall lack of paralldismin thedata. The parallel growthmodel does, however, providea
first approximation to the behaviour of the data. More sophisticated model s could include polynomial time effects
for each individual.
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Figure 1. The fitted model and the variation due to linear, quadratic and cubic factors at times 1,3,4.5,6,8 (l€ft to
right). Top row: Fitted Model; second row: linear effect; third row: quadratic effect magnified ten times; bottom
row: cubic effect magnified ten times. The mean shape is shown in the middle of the second row.

4 Theeffectsof changing coordinate system

Changing the coordinate system used to represent shape will have a dight effect on the resulting fitted model. In
this section we will work with one triple of landmarks and compare fitting the parallel growth model in Procrustes
tangent coordinates with fitting the model in Bookstein coordinates [5]. The map @ : R? — R?, induced by
re-registering from Procrustes tangent coordinates to Bookstein coordinates, sends straight lines to circles but for
highly concentrated data the map is approximately linear [7]. Toillustrate the extent of any possible nonlinearity,
arectangular grid, whose extent matches the range of the data, was constructed in Procrustes coordinates and the
image of thisgrid under the map & for one particular baseline was plotted in Figure 2. The basdline was chosen to
emphasize the nonlinearity.

Even though the map & isnonlinesr, fittingamodel in both Procrustes coordinatesand Bookstein coordinatesresults
invery similar descriptions of growth provided nonlinear time factors are included in the model. This property is
illustrated in Figure 3 where parallel growth models with linear, quadratic and cubic effects are fitted to the data
in Procrustes tangent coordinates and in Bookstein coordinates. The fits in Bookstein coordinates have been re-
registered back into Procrustes tangent coordinates. Note how each curve describes approximately the same pattern
of growth.

5 Conclusion and futuredirections

We have shown how the parallel growth model can provide a good model to describe a set of shapes varying with
time. We have aso seen how this description does not depend significantly upon the method for representing the
shape. The model could easily be extended to work with three-dimensiona data.

Thereissome evidencethat the parallel hypothesisdoes not fully describethedata. However, these effectsare small
compared to the parallel component. Further investigation is needed on this effect.
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Figure 2. The image of a rectangular grid in Pro- Figure 3. Cubicfitsin Procrustes tangent coordinates
crustes coordinates re-registered into Bookstein coor- (solid) and Bookstein coordinates re-registered into
dinates. Procrustes tangent coordinates (dashed).

One unsatisfactory feature of themode! isthat cubic polynomia sdo not provide good biological intuitionabout the
changein shape. Thismay beespecially important at the end poi ntswhere cubic polynomial s can be badly behaved.
A more natural description may be obtained by using cubic splines.

Morework isneeded on theinterpretation of the resulting changesin shape. One possibilityistolook at the changes
inindividual triangles of landmarks. Bookstein [5] has presented several possible visualisation techniques. How-
ever most of these do not specifically have time as afactor. It should be noted that choice of coordinate systemsis
important when visualising the data.

Thereisaclose link with principal component analysis and active shape models[8]. Constructing an active shape
model is essentially the same as performing principal component analysis on the Procrustes tangent coordinates.
Under suitable assumptionsit can be shown theoretically that the first principal component will be approximately
v1, whichisconfirmed for thisdataset. Furthermore, the space spanned by thefirst three PCs and the space spanned
by v, vo and vz can be theoretically shown to be similar which again is confirmed for this data set.

Our description of the pattern of growth has not taken size into account. Size information could be included by
adding a component of 1og size to the Procrustes Tangent Coordinates[1].
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