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Procrustes Growth Models for Shape

John T. Kent, Kanti V. Mardia, Richard J. Morris and Robert G. Aykroyd
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Abstract

A growth model for the shape change of biological objectsis constructed in terms of a
time-varying deformation of the ambient space in which the objectslie. Thismodel isfitted
to landmark data using Procrustes tangent coordinates. An example is given based on a set

of rat data

1 Introduction

The purpose of this paper is to construct growth models for the shapes of biological objectsin
M = 2 or 3 dimensions. The basic approach isto construct a time-varying deformation of R™
which in particular deforms the object of interest. There are three main ingredientsin this ap-

proach:

(@) a vector space F of functionsin space, RM — RM, of dimension p > 0, say, specifying
possible directions of growth;

(b) avector space G of functionsintime, R — R, of dimension ¢ > 0, say, specifying possible
rates of growth;

(c) arank r, representing the complexity of the model.



Let s € RM denoteapointintheobject at time0, and | et ¢ denote (continuous) time. The position

of s at timet¢ ismodelled by

B(s,1) = s+ Y Als)alt) @

where fi(-) € F, qi(-) € G, 1 = 1,...,r. Thismodel is suitable for small levels of growth
in which the changes of position can be usefully represented by alinear model. The model can
also be extended to alow different growth patterns for different individuals. See e.g. Morris et
al. (1999a, 1999b, 2000) for related work.

Two natural choicesfor F are based on low order polynomialsor on principal warps (Bookstein,
1991, Section 7.5); thelatter choice is used here since it gives greater stability near the edges of
regions. A natural choicefor G isbased on polynomials g(t) satisfying ¢(0) = 0. The choice of

the dimensions of these spaces is part of the modelling process.

Since growth is usually dominated by increasing size, it is helpful to look at changesin size and
shape separately. For the purposes of this paper we ignore changes in size and limit attention to
changesin the shape of the object. Recall that the“ shape” of an object comprisesall the geomet-
ric information about the object except for location, rotation and size (e.g. Dryden and Mardia,
1998). Suppose landmark data are available on different individuals at a common set of ages,

taking the form of a4-way array {z..x.»} Where

n=1,...,N labdsdifferentindividuds, &=1,...,K labdsdifferent landmarks,

m=1,..., M labelsdifferent coordinates, & =1,...,H labelsdifferenttimest,,... ,tx.

It isalso convenient to represent these dataasacollection {«.,;, } of K x M matrices. Ingenera

bold-face will bereserved for K x M matrices.



2 Procrustestangent coordinates

Sincethe shape of an object determinesits coordinatesonly upto asimilarity transformation, itis
necessary to reduce the model (1) to just the shape information. We do thisusing Procrustestan-
gent coordinates about a centered and scaled “mean” configuration w, say. A convenient choice
isthe generalized Procrustes estimate based on all N H configurations, but the exact choice does
not matter. Let v.,;, denotethe Procrustestangent coordinates of the data«,.,. For f(s) € F, let

f*(s) denote the adjustment of f(s) by adding alinear function of s, so that the K x M matrix

Flp)”
= f(p), sy,
Flux)T
the value of f(s) at the K landmarksin g, is a Procrustes tangent matrix. Here . denotesthe

kthrrow of g, writtenasan M x 1 column vector.

Let 7* denote the vector space of functions f € F, registered with respect to p. Let p* =
dim(F*). Note that p* < p since some functionsin F may reduce to the 0 function when ad-
justed. For exampleif M = 2 and F containsall linear functions of s (avector space of dimen-

sion 6), then the only linear functions permissible in F* are linear combinations of

fas) = | | ad g =7 @

— 389 31
After asuitable approximation and theintroduction of an error term, the model (1) takestheform
Unp =V + Z fi(w) gi(tr) + €nn, (©)

wherev isanintercept term. Given orthonormal basesf(*l)(s), e ,f(*p*)(s) and g1)(t), .-, 9e)(t),

the model (3) can aso be writtenin the form

Vpp =V + Z Z azjf(2 1)9)(th) + €nn (4)

=1 7=1



where the matrix of coefficients A = (a,;) hasrank r.

Assuming anisotropic normal distributionfor theerrors(whichlieina2 K —4 dimensional linear
gpace for M = 2), maximum likelihood estimation of the parameters A and v can be carried
out using an aternating algorithm: (@) given A, estimate v by averaging suitable residuals from
(4) over n and &; and (b) given v, estimate A using the » dominant components of a singular
value decomposition of the K M x H matrix W, say, where the hth column of 1/ is obtained by

summing vec(v.,, — ) OVer n.

3 Example

We consider a set of rat growth data described and analyzed in Bookstein (1991). The analysis
here reinforces his interpretation, but provides a framework for more detailed modelling. The
dataare obtained from atwo-dimensional midsagittal section of the calvarium, (the skull without
thelower jaw). Thereiscompleteinformationon N = 18 ratsat H = 8 times(orages)on K = 8
landmarks. To facilitate the model fitting, we replace the actual age by a*“pseudo-age” given by

the average centroid size at each age, shifted to start at O at the initial time.

Consider the model where F is generated by the linear functions and the dominant two (i.e.
coarse scale) principal warps, with p* = 4; where G = span{t¢} represents a constant growth
rate with ¢ = 1; and wheretherank is» = 1. It can be shown that thismodel explains the bulk

of the variability in the data.

Figure 1 summarizes the fitted model. The Procrustes mean landmarksin g are indicated by
open circles. The position of the jaw is in the region of the lower right landmark. The growth
pattern over the 8 time pointsisindicated by astraight lineat each landmark, blown up by afactor
of 2for visbility, with theinitial pointindicated by asolid circle. This growth can separated into
two spatial components. The linear part can be interpreted as a stretching of the horizontal axis

relative to acompression of the vertical axis. The principal warp part can be interpreted roughly
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Figure 1: Fitted growth model for the rat data

as ahorizontal compression of the top of the skull and a horizontal stretching of the bottom.
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